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Abstract
We continue to study birational geometry of Fano fibrations
pi:V → P1 the fibers of which are Fano double hypersur-
faces of index 1. For a majority of families of this type,
which do not satisfy the condition of sufficient twistedness
over the base, we prove birational rigidity (in particular, it
means that there are no other structures of a fibration into
rationally connected varieties) and compute their groups of
birational self-maps. We considerably improve the principal
components of the method of maximal singularities, in the
first place, the technique of counting multiplicities for the
fibrations V/P1 into Fano varieties over the line.
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Introduction
The present paper is a direct follow up of the paper [16]. We study birational geom-
etry of higher-dimensional algebraic varieties with a pencil of Fano double covers,
now without the assumption that the standard condition of sufficient twistedness
over the base, that is, the K2-condition [7,10], holds. As we pointed out in [10], if
the deviation from the K2-condition is not too big, the techniques of the method of
maximal singularities still works and makes it possible to prove birational rigidity.
This is the subject of the present paper: we consider Fano fibrations V/P1 which do
not satisfy the K2-condition, but which, however, present a not too strong deviation
from this condition.
If the deviation from the K2-condition oversteps a certain boundary, then the
variety V is no longer birationally rigid. The non-rigid and “boundary” families of
fibrations V/P1 will be considered in the next paper, the third part of this research
project. For that purpose we will use the improved technique developed here.
0.1 K2-condition and K-condition
In this paper, as in the previous paper [16], we deal with Fano fibrations π:V → P1,
satisfying the conditions
A1V = PicV = ZKV ⊕ ZF, A2V = ZK2V ⊕ ZHF ,
where F is the class of the projection π, HF = (−KV · F ) is the hyperplane section
of the fiber. Set A1
R
V = A1V ⊗ R, A2
R
V = A2V ⊗ R. Let
A1+V ⊂ A1RV, A1movV ⊂ A1RV, A2+V ⊂ A2RV
be the closed cones, generated respectively by effective divisors, movable divisors
and effective cycles of codimension two. Geometry of the fibration V/P1 is to a
considerable extent determined by the position of the class K2V with respect to the
cone A2+V , and also by the position of the anticanonical class (−KV ) with respect
to the cone A1movV . Obviously, A
2
R
V = RK2V ⊕ RHF , so that A2RV ∗ = Rβ ⊕ Rχ,
where β:A2
R
V → R is defined by the condition β(HF ) = 1, β(K2V ) = 0 and similarly
χ(K2V ) = 1, χ(HF ) = 0.
It is well known (and easy to prove, see [7,10]) that the K2-condition
K2V 6∈ IntA2+V
implies the K-condition:
−KV 6∈ IntA1movV.
(There is a natural self-intersection map
sq:A1movV → A2+V,
sq: z 7→ z2,
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and it is easy to check that sq(IntA1movV ) ⊂ IntA2+V , see Remark 1.1 in §1 below.)
The present paper deals with Fano fibrations V/P1, each fiber of which is a regular
Fano double hypersurface of index 1, Ft = π
−1(t), Ft ∈ F reg, see [16], whereas
the K2-condition does not hold, that is, K2V ∈ IntA2+V . The deviation from the
K2-condition is measured by the number a ≥ 0, satisfying the formula
K2V − aHF ∈ ∂A2+V.
In this paper we consider mainly the fibrations V/P1, satisfying the K-condition.
The K-condition is also not absolutely necessary for birational rigidity: if the devi-
ation from the K-condition is not too big, the techniques of the method of maximal
singularities still work and make it possible to complete the study. The families that
do not satisfy the K-condition and also certain other families which we do not con-
sider here and which were not considered in [16] will be studied in the next paper,
the third part of this research.
0.2 The list of varieties under consideration
Recall the construction of varieties with a pencil of Fano double hypersurfaces, see
[9,16] for details. Let E = ⊕OP1(ai) be a locally free sheaf of rank M + 2, where
a0 = 0 ≤ a1 ≤ . . . ≤ aM+1, X = P(E), PicX = ZLX
⊕
ZR, where LX is the
class of the tautological sheaf, R is the class of a fiber of the natural projection
πX :X → P1. Now the variety V is realized as the double cover σ:V → Q of the
smooth hypersurface Q ⊂ X ,
Q ∼ mLX + aQR, aQ ∈ Z+,
branched over a smooth divisor WQ =W ∩Q, where W ⊂ X ,
W ∼ 2lLX + 2aWR, aW ∈ Z+.
By the symbol π:V → P1 we denote the natural projection, by the symbol Ft the
fiber π−1(t), sometimes omitting t. It is easy to see that
KV = −LV + (aX + aQ + aW − 2)F,
where LV = σ
∗(LX |Q), aX = a1 + . . . + aM+1. Since the linear system |LX | (and
therefore |LV |) is free, the K2-condition follows from the inequality
(K2V · LM−1V ) = 2m(4− aX − 2aQ − 2aW ) + 2aQ ≤ 0. (1)
In this paper we consider families that do not satisfy (1). Let us give their list. The
parameters of these families are written in the following format
((a1, . . . , aM+1), (aQ, aW )),
and for brevity of notations in the set (a1, . . . , aM+1) we write only the non-zero
entries, if there are any, otherwise we write (0): thus, for example, (1) means the set
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(0, . . . , 0, 1), (1, 1) means the set (0, . . . , 0, 1, 1), and (0) stands for the set (0, . . . , 0),
consisting entirely of zeros. Here is the list of varieties studied in this paper:
1. ((0), (2, 0))
2. ((0), (1, 1))
3. ((1), (0, 1))
4. ((2), (1, 0))
5. ((2), (0, 0))
8. ((3), (0, 0))
7. ((1, 2), (0, 0))
8. ((1, 1, 1), (0, 0))
Once again we emphasize that the eight families listed above do not complete the list
of varieties that do not satisfy the K2 condition. There are seven more families not
satisfying the K-condition, most of which are not birationally rigid, having many
structures of a rationally connected fibration. These families are not considered in
this paper.
0.3 Varieties with a pencil of double spaces
Birational rigidity of varieties V , fibered into double spaces of index one, was proved
in the very first paper of the author, devoted to Fano fibrations, in [7], in the
assumption of sufficient twistedness over the base, that is, the K2-condition. In
this paper we also consider the varieties of this type, satisfying the K-condition
but not the K2-condition. Recall their construction, which is a simplification of
the construction for double hypersurfaces given above (corresponding to the value
m = 1). Let E =⊕OP1(ai) be a locally free sheaf of rankM+1, a0 = 0 ≤ . . . ≤ aM ,
X = P(E) its projective bundle, then V is realized as the double cover σ:V → X ,
branched over a smooth hypersurface W ⊂ X ,
W ∼ 2MLX + 2aWR,
where LX is the class of the tautological sheaf, R is the class of a fiber of the
projection πX :X → P1. Obviously,
KV = −LV + (aX + aW − 2)F,
where LV = σ∗LX , F = σ∗R is the class of a fiber,
PicV = ZLV
⊕
ZF,
aX = a1+. . .+aM , aW ∈ Z+. The parameters of a family are written in the following
format:
((a1, . . . , aM), aW ),
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where as above if (a1, . . . , aM) 6= (0, . . . , 0), then the zeros are omitted, and if
(a1, . . . , aM) = (0, . . . , 0), then we write simply (0). A variety V satisfies the K
2-
condition, if the following inequality holds:
(K2V · LM−1V ) = 8− 2aX − 4aW ≤ 0. (2)
In the present paper we consider the families that do not satisfy (2). Here is their
list:
1∗. ((1), 1)
2∗. ((2), 0)
3∗. ((3), 0)
4∗. ((1, 2), 0)
5∗. ((1, 1, 1), 0)
For all the types listed above the K-condition is satisfied (it will be proved below).
There are four families more, for which both the K2-condition and K-condition are
not satisfied. Their birational geometry will be studied in the next paper.
0.4 Formulation of the main result
For a divisor D on a rationally connected variety Y we set
c(D, Y ) = sup{ε ∈ Q+|D + εKY ∈ A1+Y }.
For a movable linear system Σ on a uniruled variety V define the virtual threshold
of canonical adjunction by the formula
cvirt(Σ) = inf
V ♯→V
{c(Σ♯, V ♯)},
where the infimum is taken over all birational morphisms V ♯ → V , where V ♯ is a
projective model of the field C(V ), non-singular in codimension 1, Σ♯ is the strict
transform of the system Σ on V ♯. The following definition of birational rigidity is
equivalent to the standard one.
Definition 0.1. (i) A variety V is said to be birationally superrigid, if for any
movable linear system Σ on V the following equality holds:
cvirt(Σ) = c(Σ, V ).
(ii) A variety V (respectively, a Fano fibration V/S) is said to be birationally rigid,
if for any movable linear system Σ on V there exists a birational self-map χ ∈ Bir V
(respectively, a fiber-wise self-map χ ∈ Bir(V/S)), satisfying the following equality:
cvirt(Σ) = c(χ∗Σ, V ).
Let us formulate the main result of the paper.
Theorem 1. (i) Regular varieties V with a pencil of double hypersurfaces of the
types 2−8 in the list above and all varieties of the types 1∗−5∗ with a pencil of double
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spaces are birationally superrigid and satisfy the K-condition: −KV 6∈ A1movV . The
defined structure of a rationally connected fibration V/P1 is the unique non-trivial
structure of a rationally connected fibration on V . The groups of birational and
biregular self-maps of these varieties coincide:
Bir V = Aut V = Z/2Z
(ii) The regular varieties V of the type 1 (that is, the varieties of the family
((0), (2, 0))) are birationally rigid. They have a non-trivial birational self-map, an
involution τ ∈ Bir V \ Aut V , and do not satisfy the K-condition. On V there are
exactly two non-trivial structures of a rationally connected fibration: the pencil |F |
of fibers of the morphism π and its image |τ∗F |. The group Bir V consists of four
elements:
Bir V =< τ > ×Aut V = (Z/2Z)×2.
Corollary 0.1. All varieties of the types 1 − 8 and 1∗ − 5∗ do not admit a
structure of a rationally connected fibration over a base of dimension 2 or higher, in
particular, they cannot be fibered by a rational map into rational curves or rational
surfaces. Therefore they all are non-rational.
0.5 The structure of the paper
To prove Theorem 1, it is necessary to improve the technique of the method of
maximal singularities. Such an improvement is important by itself since it extends
the domain where the method works: birational rigidity is proved for far from all
the natural families of Fano fibrations over P1, even in the assumption of sufficient
twistedness over the base. For this reason, a bigger part of the paper is of technical
character.
In §1 we carry out some preparatory work: we prove that the virtual and actual
thresholds of canonical adjunction coincide provided that the K2-condition holds
and the fibers of the Fano fibration V/P1 satisfy the standard conditions (h), (v)
and (vs) (see [16]). After that we make the first step in the direction of improving the
technique: we show that replacing the condition (h) by a stronger one compensates
replacing the K2-condition by a weaker one.
In §2 we improve the technique of the method of maximal singularities on the
basis of a radically different idea: to compare singularities of the horizontal cycle
Zh and of its restriction onto the fiber F , containing the centre of the maximal
singularity. This idea is new. We use it to prove birational rigidity for the first time.
Besides we give in full detail the technique of counting multiplicities: in all the
previous papers [7-16] we computed the multiplicities of the cycle Z of intersection
of two divisors of the linear system Σ, whereas here we intersect a divisor and
an irreducible subvariety of codimension 2. The computations are parallel to the
divisorial case, however there are some differences: for example, only the blow ups of
subvarieties of codimension 3 and higher are taken into account whereas the blow ups
of subvarieties of codimension 3 play the same part as the blow ups of subvarieties
of codimension 2 in the divisorial case.
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In §3 we prove Theorem 1. First we check the K-condition for varieties from the
lists above. After that the necessary estimates are verified for subvarieties Y ⊂ F
of an arbitrary fiber F (this work was mostly carried out in the previous paper
[16] and in [9]). The remaining part of the section contains an improvement of one
estimate for multiplicities of subvarieties of codimension two. In order to do that,
one needs to get an estimate for the number of lines (counted with multiplicities)
through an arbitrary point of a fiber. Combining this improved estimate with the
general theory developed in the first two sections, one could prove the coincidence
of the virtual and actual thresholds of canonical adjunction for varieties deviating
from the K2-condition even stronger than those considered in this paper. These
limit resources of the techniques of the method of maximal singularities will be used
later.
0.6 Historical remarks
As soon as in [7] an effectively working technique of investigating birational geometry
of Fano fibrations V/P1 satisfying the K2-condition was developed, the “boundary”
cases for which the deviation from the K2-condition was not too high, came up as a
natural object of further research. Already in [10] it was mentioned that for the par-
ticular varieties which have already been studied theK2-condition was unnecessarily
strong: the inequalities ensuring birational rigidity have a considerable amount “in
store”. Thus weakening this condition a little bit should not change the final result.
The papers of M.M.Grinenko [3-5] and I.V.Sobolev [19,20] confirmed this idea. In
[4] it was conjectured that the K-condition (which is weaker than the K2-condition)
is already sufficient for birational rigidity. This conjecture has recently attracted
new attention [1] in connection with the attempts to study birational geometry of
three-fold conic bundles (over P2) which do not satisfy the Sarkisov condition [17,18]
(this condition is an exact analog of the K2-condition for conic bundles). However,
in the papers [19,20] certain varieties were successfully studied for which even the
K-condition was not true (although the deviation from this condition was not too
strong, either). And the technique used in [19,20] was considerably weaker than
that available today (see §2 of the present paper). This is an evidence that we do
not understand which mechanisms control birational rigidity (perhaps one should
speak of the “degree of birational rigidity”). On the other hand one can be opti-
mistic concerning the prospects of studying birational geometry of Fano fibrations
by means of the method of maximal singularities.
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1 The method of maximal singularities
In this section we remind the main facts of the method of maximal singularities:
the Noether-Fano inequality, the concepts of a maximal and a supermaximal singu-
larities, the technique of computing the self-intersection of a movable linear system
[8,13,15]. We prove Theorem 2 of the previous paper [16]. After that, we modify
the technique for the case when the K2-condition does not hold.
1.1 Maximal singularities of linear systems
Let Σ ⊂ |− nKV + lF |, l ∈ Z+, be a movable linear system on the variety V . Since
l ≥ 0, we get
c(Σ) = n
whereas n = 0 if and only if the linear system Σ comes from the pencil |F |, that is,
if it is pulled back from the base P1.
Remark 1.1. If the fibration V/P1 satisfies the K2-condition, that is,
K2V 6∈ IntA2+V,
then for any movable system Σ ⊂ | − nKV + lF | we have l ≥ 0. Indeed, the
self-intersection of the linear system Σ
(−nKV + lF )2 = n2K2V + 2nlHF
is the class of an effective cycle of codimension two. By theK2-condition this implies
that l ∈ Z+.
Assume that the inequality
cvirt(Σ) < c(Σ) = n,
holds, that is, there is a model V ♯ of the variety V such that
c(Σ♯, V ♯) < c(Σ, V ).
Proposition 1.1. There is a prime divisor E ⊂ V ♯, satisfying the Noether-Fano
inequality
νE(Σ) > n · a(V,E) (3)
The geometric discrete valuation νE of the field of rational functions C(V ), or
any prime divisor E+ ⊂ V + on any model V + of the variety V , realizing this discrete
valuation, is called a maximal singularity of the linear system Σ.
For a proof of Proposition 1.1, see any of the papers [6-8,13,15].
Note that the expression a(V,E) in (3) denotes the discrepancy of E with respect
to the original model V . Thus the log-pair
(V,
1
n
Σ)
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is not canonical: the exceptional divisor E realizes its singularity which is not canon-
ical.
Since the linear system Σ is movable and νE(Σ) > 0, we conclude that the
centre of the discrete valuation νE on V is a subvariety B = centreV (νE) ⊂ V of
codimension at least two. Let
ϕi,i−1: Vi → Vi−1⋃ ⋃
Ei → Bi−1
(4)
be the sequence of blow ups with irreducible centres Bi−1 ⊂ Vi−1, which is deter-
mined in a unique way by the following conditions:
(1) V0 = V , B0 = B, i = 1, . . . , K;
(2) Bj = centreVj (νE) ⊂ Vj, Ej+1 = ϕ−1j+1,j(Bj);
(3) the valuation νEK coincides with νE .
In other words, the birational map
VK − − → V ♯
is biregular at the generic point of the divisor EK and transforms EK into E. The
symbol Σj below means the strict transform of the linear system Σ on Vj . Set
νj = multBj−1 Σ
j−1, δj = codimBj−1 − 1.
On the set of exceptional divisors
{E1, . . . , EK}
we define in the usual way [6,8,13] an oriented graph structure: an oriented edge
(an arrow) goes from Ei to Ej , if and only if i > j and
Bi−1 ⊂ Ei−1j ,
which is denoted as i→ j. As usual, for i > j set
pij = ♯{the paths from Ei to Ej} ≥ 1,
pii = 1 by definition. Set pi = pKi. The Noether-Fano inequality takes the tradi-
tional form
K∑
i=1
piνi > n
K∑
i=1
piδi.
1.2 A stronger version of the Noether-Fano inequality
Now assume that the general fiber F = Ft of the fiber space V/P1 admits no movable
linear system with a maximal singularity, that is, for any movable system ΣF ⊂
|nHF | = | − nKF | and any geometric discrete valuation νE∗ the inequality
νE∗(ΣF ) ≤ na(E∗)
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holds.
Proposition 1.2. The centre B of the maximal singularity νE on V is contained
in some fiber π−1(t) = Ft, t ∈ P1.
Proof. Assume the converse: π(B) = P1. Let F ⊂ V be a fiber of general
position. It is easy to see that the restriction ΣF = Σ|F of the linear system Σ onto
F is a movable linear system ΣF ⊂ |nHF | with a maximal singularity νE∗ = νE |F .
The simplest way to define this singularity is to restrict the sequence of blow ups
(4) onto the fiber F and note that the discrepancy remains the same:
a(E|F , F ) = a(E, V )
— precisely for the reason that B covers the base. The centre of the valuation
νE |F is BF = B ∩ F . However, this conclusion contradicts the assumption above.
Therefore, π(B) 6= P1. Q.E.D. for the proposition.
Let M = {T1, . . . , Tk} be the set of all prime divisors on V ♯, satisfying the
Noether-Fano inequality (see Proposition 1.1). As we have just proved, the centre
BE = centre(νE) of each maximal singularity E ∈M is contained in some fiber Ft.
The setM is finite (since the model V ♯ is fixed), so that there is at most finite set of
points t ∈ P1, the fibers Ft over which contain the centres of maximal singularities.
Set Mt = {E ∈M|BE ⊂ Ft},
e(E) = νE(Σ)− na(E, V ) > 0
for E ∈M. Recall that Σ ⊂ | − nKV + lF |, l ∈ Z+.
Proposition 1.3. The following inequality holds:∑
t∈P1
max
{E∈Mt}
e(E)
νE(Ft)
> l (5)
Proof. Let D♯ ∈ Σ♯ be a general divisor, that is, the strict transform on V ♯ of
a divisor D ∈ Σ of general position. By assumption, the linear system
|D♯ + nKV ♯|
is empty. Therefore the linear system
|lF −
∑
E∈M
e(E)E|
is empty, too. On the other hand, by construction for E ∈Mt the divisor
Ft − νE(Ft)E
is effective, so that the divisor∑
t∈P1
[
(
max
{E∈Mt}
e(E)
νE(FT )
)
Ft −
∑
E∈Mt
e(E)E]
is also effective. This immediately implies the inequality (5). Q.E.D. for the propo-
sition.
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1.3 The self-intersection of the linear system Σ
Let Di ∈ Σ, i = 1, 2, be general divisors, so that the closed set D1 ∩ D2 is of
codimension two. Let
Z = (D1 ◦D2) = Zv + Zh
be the decomposition of the algebraic cycle of the scheme-theoretic intersection of
these divisors into the vertical (Zv) and horizontal (Zh) parts. For the cycle Zv we
have a further decomposition
Zv =
∑
t∈P1
Zvt , SuppZ
v
t ⊂ Ft.
Let E ∈ Mt ⊂ M be a maximal singularity. Fix t and E and apply the technique
of counting multiplicities, developed in [8,10,13], to the cycle Zvt + Z
h. We assume
that t and E are fixed throughout this subsection, so that we write below F , Zv, e,
B instead of Ft, Z
v
t , e(E), BE = centre(E), respectively.
Lemma 1.1. The following estimate holds:
codimF B ≥ 2
Proof. Assume the converse: B ⊂ F is a prime divisor. Let D ∈ Σ be a general
divisor, DF its restriction onto F . By the Noether-Fano inequality multBD > n, so
that
DF = αB +D
♯,
where α > n and D♯ is an effective divisor on F . However,
DF ∼ nHF ,
which gives an immediate contradiction. Q.E.D. for the lemma.
Now consider the sequence of blow ups (4) associated with the discrete valuation
E. We use the notations of Sec. 1.1. The strict transforms (Zh)j , (Zv)j of the cycles
Zh, Zv on Vj are well defined. By the symbol F
j we denote the strict transform of
the fiber F on Vj. Set
N = max{i |Bi−1 ⊂ F i−1}.
It is easy to see that ϕi,i−1(Bi) = Bi−1 for any i = 1, . . . , K − 1, so that the
codimensions codimBi do not increase. Set
L = max{i | codimBi−1 ≥ 3} ≤ K.
We use also the following notations: for i ∈ {1, . . . , L}
mhi = multBi−1(Z
h)i−1, mvi = multBi−1(Z
v)i−1,
where m
h(v)
i ≤ mh(v)i−1 for i = 2, . . . , L.
Set also
µi = multBi−1 F
i−1.
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Obviously, µi = 0 for i ≥ N+1. The more so,mvi = 0 for i ≥ N+1 (ifN < L). Using
the symbol pi, as above, for the number of paths in the graph Γ of the resolution
(4) from the vertex E = EK to Ei, we get
Proposition 1.4. The following inequality holds:
L∑
i=1
pim
h
i +
min{N,L}∑
i=1
pim
v
i ≥
K∑
i=1
piν
2
i ≥
(n
K∑
i=1
piδi + e)
2
K∑
i=1
pi
(6)
Proof is obtained by applying the technique of counting multiplicities [8,10,13]
combined with the condition
K∑
i=1
piνi = n
K∑
i=1
piδi + e,
where e > 0. Here we do not repeat these standard arguments, just referring to [10].
1.4 K2-condition and birational rigidity
As a first example of using the technique described above let us prove Theorem 2
of the previous paper [16]. The arguments below follow the lines of the proof of
particular cases of this theorem, given in [7,10] for certain special families of Fano
fiber spaces. Here we consider the general case.
Assume that the fiber space V/P1 satisfies the K2-condition: K2V 6∈ IntA2+V .
Then for some α ∈ Z+ the following relation holds:
Zh ∼ n2K2V + αHF ,
so that
degZv =
∑
t∈P1
degZvt ≤ (2n deg V )l. (7)
Proposition 1.5. For some point t ∈ P1 there is a maximal singularity E ∈Mt,
satisfying the estimate
e(E) >
νE(Ft)
2n deg V
degZvt . (8)
Following [7,10], we call the singularity E, satisfying the inequality (8), a super-
maximal singularity.
Proof of Proposition 1.5: it is sufficient to compare the inequalities (5) and
(7). Q.E.D.
Now in the notations of subsection 1.3 set
Σl =
L∑
i=1
pi, Σu =
K∑
i=L+1
pi, Σf =
min{N,L}∑
i=2
pi.
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Note that
νE(F ) =
N∑
i=1
piµi ≤ p1µ1 + µ2Σf
by definition of the multiplicities µi. Obviously,
mhi ≤ mh = mh1 = multB Zh.
Set also
dh = degZ
h, dv = degZ
v
t
and introduce the coefficients
kh =
mh
dh
deg V, kv =
deg V
νE(F )dv
min{N,L}∑
i=1
pim
v
i .
Now Proposition 1.5 implies
Corollary 1.1. The following estimate holds:
(4− kh)Σl(Σl + Σu)n2 + Σ2un+ e2 + 2(2− kv)Σlne+ 2(1− kv)Σune < 0.
Proof. In the inequality (6) replace mhi by mh = khdh/ deg V = khn
2, the
numbers δi for i ≤ L by 2, which could only make the inequality sharper. Now
taking into account the definition of the coefficient kv after easy computations we
get
(4− kh)Σl(Σl + Σu)n2 + (nΣu + e)2 + 4Σlen−
−kv dvνE(F )
deg V
(Σl + Σu) ≤ 0.
(9)
Taking into consideration the definition of a supermaximal singularity (Proposi-
tion 1.5), replace dvνE(F ) by 2ne deg V . This makes our inequality a strict one and
we obtain exactly what we claimed. Q.E.D. for the corollary.
Now assume that the fiber space V/P1 satisfies
• the condition (v) of the paper [16], that is, for any irreducible vertical subva-
riety Y of codimension 2, Y ⊂ π−1(t) = Ft, and any smooth point o ∈ Ft the
estimate
multo
deg
Y ≤ 2
deg V
holds;
• the condition (vs) of the paper [16], that is, for any vertical subvariety Y ⊂ Ft
of codimension 2 (with respect to V , that is, for a prime divisor on Ft), a
singular point o ∈ Ft and an infinitely near point x ∈ F˜t, where ϕ: F˜t → Ft is a
blow up of the point o, ϕ(x) = o, Y˜ ⊂ F˜t the strict transform of the subvariety
Y on F˜t, the following estimates hold:
multo
deg
Y ≤ 4
deg V
,
multx Y˜
deg Y
≤ 2
deg V
;
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• the condition (h) of the paper [16], that is, for any horizontal subvariety Y of
codimension 2 and a point o ∈ Y the estimate
multo
deg
Y ≤ 4
deg V
.
holds.
In these assumptions we get
Lemma 1.2. The following estimates hold: kh ≤ 4, kv ≤ 2.
Proof. The first inequality follows directly from the definition of the number
kh and the condition (h), which is by assumption satisfied for the fiber space V/P1.
Let us prove the second inequality. We get
(
dv
deg V
)
kv =
min{N,L}∑
i=1
pim
v
i
N∑
i=1
piµi
≤ p1m
v
1 + Σfm
v
2
p1µ1 + Σf
If dimB ≥ 1 or B = o ∈ F is a non-singular point of the fiber, then µ1 = . . . =
µN = 1 and by the condition (v)
mv2 ≤ mv1 ≤ 2
dv
deg V
,
which immediately implies the inequality kv ≤ 2. If B = o ∈ F is a singular point
of the fiber, then µ1 ≥ 2 and by the condition (vs)
mv1 ≤
4dv
deg V
, mv2 ≤
2dv
deg V
,
whence we get again that kv ≤ 2. Q.E.D. for the lemma.
Recall the claim of Theorem 2 of the paper [16]:
Assume that a smooth standard Fano fiber space V/P1 satisfies the K2-condition
and the conditions (v), (vs) and (h). Then V/P1 is birationally superrigid.
Let us complete the proof of this theorem. Assume the converse. Then Corollary
1.1 and Lemma 1.2 give us the inequality
Σ2un
2 − 2Σune+ e2 < 0.
This is, however, impossible. We get a contradiction. Q.E.D. for Theorem 2 of the
paper [16].
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1.5 The generalized K2-condition
The methods developed in [7,10] and reproduced above in the general form work well
for Fano fiber spaces V/P1 which do not satisfy the K2-condition. If the deviation
from the K2-condition is not too great then the technique of Sec. 1.4 is still effective
and requires only a slight modification. First of all, one should be able to measure
the deviation from the K2-condition.
Definition 1.1. A standard Fano fiber space V/P1 satisfies the generalized K2-
condition of depth ε ≥ 0, if
K2V − εHF 6∈ IntA2+V.
As mentioned in [10], for effective cycles of codimension 2 on the natural Fano va-
rieties sharper estimates on the multiplicities are satisfied than one needs to prove bi-
rational rigidity. However, for Fano fiber spaces that do not satisfy the K2-condition
these estimates turn out to be useful.
Definition 1.2. A standard Fano fibration V/P1 satisfies the generalized condi-
tion (h) of depth δ ≥ 0, if for any horizontal subvariety Y ⊂ V of codimension two
and an arbitrary point o ∈ Y the following inequality holds:
multo
deg
Y ≤ 4− δ
deg V
.
Starting from this moment and throughout this section we assume that the fiber
space V/P1 satisfies the generalized K2-condition of depth ε ≥ 0 and the generalized
condition (h) of depth δ ≥ 0. Besides, we assume that the conditions (v) and (vs) are
satisfied (in their normal form). Fix a movable linear system Σ ⊂ |−nKV + lF | with
l ∈ Z+ and assume that cvirt(Σ) < n. For the horizontal part of the self-intersection
of the linear system Σ we get
Zh ∼ n2K2V + αHF ,
where the coefficient α ∈ Z satisfies the inequality
α ≥ −εn2.
Therefore, for the vertical component we get
Zv ∼ (2nl − α)HF ,
whence
degZv =
∑
t∈P1
degZvt ≤ (2nl + εn2) deg V. (10)
Proposition 1.6. For some point t ∈ P1 there exists a maximal singularity
E ∈Mt 6= ∅, satisfying the estimate
e(E) >
νE(Ft)
2
(
degZvt
n deg V
− εn
)
(11)
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Remark 1.2. For ε = 0 we get Proposition 1.5.
Proof of Proposition 1.6. Compare the inequalities (5) and (10). Replacing
the number l in the right-hand side of the inequality (10) by the left-hand side of
the inequality (5), we get∑
t∈P1
[
degZvt − 2n deg V max{E∈Mt}
e(E)
νE(Ft)
]
< εn2 deg V,
which immediately implies our claim. Q.E.D. for Proposition 1.6.
Remark 1.3. If there are a few maximal singularities the centres of which lie
in the fibers over distinct points t1, . . . , tk then the claim of Proposition 1.6 can be
improved: there is a maximal singularity E ∈ Mt, t ∈ {t1, . . . , tk} satisfying the
estimate
e(E) >
νE(Ft)
2
(
degZvt
n deg V
− εn
k
)
.
However, this improvement is hardly useful, since to prove birational rigidity, that
is, to realize the full scheme of the method of maximal singularities, the worst case
should be considered.
Now we argue as in the proof of Corollary 1.1 with the only difference: the
expression dvνE(F ) in the inequality (9) is replaced by the expression
(2ne+ εn2νE(F )) deg V,
which makes the inequality sharp. Taking into account that the conditions (h), (v)
and (vs) still hold, so that the claim of Lemma 1.2 is true, we get the inequality
((4− kh)Σl − kvενE(F ))(Σl + Σu)n2 + (nΣu − e)2 < 0.
By the definition of the number kv we get
kvνE(F ) = deg V
min{N,L}∑
i=1
pi
mvi
dv
≤ 2Σl.
Therefore, the following inequality holds:
(4− kh − 2ε)Σl(Σl + Σu)n2 + (nΣu − e)2 < 0. (12)
Now recall that by the generalized condition (h) of depth δ ≥ 0 the coefficient kh
satisfies the estimate
kh ≤ 4− δ.
This immediately implies
Proposition 1.7. If δ ≥ 2ε, then the equality
cvirt(Σ) = c(Σ) = n
holds. In particular, if for any movable linear system Σ ⊂ | − nKV + lF | we have
l ∈ Z+, then the fiber space V/P1 is birationally superrigid.
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2 The technique of counting multiplicities
The aim of this section is to sharpen the inequality (12) and the claim of Proposition
1.7. For this purpose we take into consideration the dimensions of the blown up
subvarieties Bi−1: the smaller is the dimension of the centre of a blow up, the higher
is the discrepancy of the exceptional divisor and, therefore, the better is the estimate
for the multiplicity νE(Σ). On the other hand, the only working method of getting
an upper bound for the singularities of the horizontal cycle Zh is to restrict Zh
onto the fiber F and estimate the singularities of the effective cycle (Zh ◦ F ) of
codimension two on F . This method was used above; also in the papers [7,10,16]
the singularities of the cycle Zh were estimated in this way. However, up to this day
we never took into account the input of the subvarieties Bi−1 of codimension three
(with respect to V ), lying in the strict transform F i−1 of the fiber F (provided they
exist). That is what we do below. As a result, we obtain estimates which make it
possible to exclude a maximal singularity even in cases when the deviation from the
K2-condition is essential: it is sufficient that the generalized K2-condition of depth
2 holds.
2.1 The notations and the principal claim
We go on studying the movable linear system Σ ⊂ |− nKV + lF |, l ∈ Z+, satisfying
the inequality
cvirt(Σ) < c(Σ) = n.
All notations of §1 are valid. However, if in subsections 1.4 and 1.5 we treated all
blow ups of subvarieties of codimension three and higher in the same way, now we
argue in a more refined way. Set
Js = {i | 1 ≤ i ≤ K, codimBi−1 ≥ 4},
Jm = {i | 1 ≤ i ≤ K, codimBi−1 = 3},
Ju = {i |L+ 1 ≤ i ≤ K}, Jl = Js ∪ Jm.
In its turn, let us break the set Jm into two disjoint subsets, Jm = J
+
m
∐
J−m, where
J+m = {i ∈ Jm |Bi−1 ⊂ F i−1},
J−m = Jm \ J+m = {i ∈ Jm |Bi−1 6⊂ F i−1}. It might well turn out that the set J+m or
J−m (or the whole set Jm) is empty. Set furthermore
Σs =
∑
i∈Js
pi, Σ
±
m =
∑
i∈J±m
pi, Σm = Σ
+
m + Σ
−
m,
whereas the symbol Σu retains its previous meaning. In the notations of Sec. 1.4
we get Σl = Σs + Σm. Now the inequality (6) can be rewritten as∑
i∈Jl
pim
h
i +
∑
i∈JS∪J+m
pim
v
i ≥
((3Σs + 2Σm + Σu)n+ e)
2
Σs + Σm + Σu
(13)
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Recall that µi = multBi−1 F
i−1, where µi = 1 for i ≥ 2 and for µ1 there are two
possible cases: µ1 = 1 or µ1 = 2.
Proposition 2.1. The following estimate holds:∑
i∈Js∪J+m
µipim
h
i ≤ p1multB(Zh ◦ F ) + (Σs − p1)multB1(Zh ◦ F )1. (14)
In particular, ∑
i∈Js∪J+m
µipim
h
i ≤ ΣsmultB(Zh ◦ F ). (15)
2.2 Proof of Proposition 2.1: counting multiplicities
To begin with, let us consider the following general situation. Let Y ⊂ V be an
irreducible horizontal subvariety of codimension two, Y i ⊂ Vi its strict transform,
mY (i) = multBi−1 Y
i−1 (16)
the corresponding multiplicity. Set YF = (Y ◦ F ). This is an effective class of
codimension two in the fiber F . Let Y iF ⊂ Vi be its strict transform and
mY,F (i) = multBi−1 Y
i−1. (17)
Since the support of the cycle YF is contained in the fiber F , the numbers mY,F (i)
vanish for i ∈ J−m.
Lemma 2.1. The following estimate holds:∑
i∈Js∪J+m
pimY (i)µi ≤
∑
i∈Js
pimY,F (i). (18)
Before we start to prove it, recall some facts which follow immediately from
elementary intersection theory [21]. There are no convenient references because
here we consider the case when a divisor intersects a subvariety, whereas in [8,13]
the case of two divisors was treated. Let X be an arbitrary smooth variety, B ⊂ X ,
B 6⊂ SingX , an irreducible subvariety of codimension ≥ 2, σB:X(B)→ X its blow
up, E(B) = σ−1B (B) the exceptional divisor. Let
Z =
∑
miZi, Zi ⊂ E(B),
be a cycle of dimension k, k ≥ dimB. We define the degree of the cycle Z, setting
degZ =
∑
i
mi deg
(
Zi
⋂
σ−1B (b)
)
,
where b ∈ B is a point of general position, σ−1B (b) ∼= PcodimB−1 and the degree in the
right-hand side is the usual degree in the projective space.
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Note that degZi = 0 if and only if σB(Zi) is a proper closed subset of the
subvariety B.
Now let D be a prime Weil divisor on X , Y ⊂ X an irreducible subvariety of
dimension l ≤ dimX − 1. Assume that Y 6⊂ D and that dimB ≤ l − 1. The
strict transforms of the divisor D and the subvariety Y on X(B) are denoted by the
symbols DB and Y B, respectively.
Lemma 2.2. (i) Assume that dimB ≤ l − 2. Then
DB ◦ Y B = (D ◦ Y )B + Z,
where ◦ means the operation of taking the algebraic cycle of the scheme-theoretic
intersection, SuppZ ⊂ E(B) and
multB(D ◦ Y ) = multB D ·multB Y + degZ.
(ii) Assume that dimB = l − 1. Then
DB ◦ Y B = Z + Z1,
where SuppZ ⊂ E(B), Supp σB(Z1) does not contain B and
D ◦ Y = [(multBD)(multB Y ) + degZ]B + (σB)∗Z1.
Proof is easily obtained by means of the standard intersection theory [21].
2.3 Proof of Lemma 2.1
Let us construct a sequence of effective cycles of codimension three on the varieties
Vi, setting
Y ◦ F = Z0 (= YF ),
Y 1 ◦ F 1 = Z10 + Z1,
...
Y i ◦ F i = (Y i−1 ◦ F i−1)i + Zi,
...
i ∈ Js, where SuppZi ⊂ Ei. Thus for any i ∈ Js we get:
Y i ◦ F i = Y iF + Z i1 + . . .+ Z ii−1 + Zi.
For any j > i, j ∈ Js set
mi,j = multBj−1(Z
j−1
i )
(the multiplicity of an irreducible subvariety along a smaller subvariety is understood
in the usual sense; for an arbitrary cycle we extend the multiplicity by linearity).
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Now set di = degZi. We get the following system of equalities:
mY (1)µ1 + d1 = mY,F (1),
mY (2)µ2 + d2 = mY,F (2) +m1,2,
...
mY (i)µi + di = mY,F (i) +m1,i + . . .+mi−1,i
...
for all i ∈ Js. Setting S = max{i ∈ Js}, look at the last equality in this sequence:
mY (S)µS + dS = mY,F (S) +m1,S + . . .+mS−1,S.
If J+m 6= ∅, then, by the part (ii) of Lemma 2.2, we obtain
dS ≥
∑
i∈J+m
mY (i)µi deg(ϕi−1,S)∗Bi−1 ≥
∑
i∈J+m
mY (i)µi.
Recall the following useful
Definition 2.1. (see [8,13]). A function a: Js → R+ is said to be compatible
with the graph structure, if
a(i) ≥
∑
j→i,
j∈Js
a(j)
for any i ∈ Js.
We will actually use only one function, compatible with the graph structure,
namely a(i) = pi.
Proposition 2.2. Let a(·) be a function, compatible with the graph structure.
Then the following inequality holds:∑
i∈Js
a(i)mY,F (i) ≥
∑
i∈Js
a(i)mY (i)µi + a(S)
∑
i∈J+m
mY (i)µi. (19)
Proof is obtained in exactly the same way as in the case of two divisors ([8,13])
multiply the i-th equality by a(i) put them all together. In the right hand side for
any i ≥ 1 we obtain the expression∑
j≥i+1
a(j)mi,j.
In the left hand side for any i ≥ 1 we obtain the component a(i)di.
Lemma 2.3. If mi,j > 0, then j → i.
Proof [8,13]: if mi,j > 0, then Bj−1 ⊂ SuppZj−1i , but SuppZi ⊂ Ei so that
Bj−1 ⊂ Ej−1i . Q.E.D. for the lemma.
The next standard step is to compare the multiplicities mi,j with the degrees.
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Lemma 2.4. For any i < j ∈ Js we get
mi,j ≤ di.
Proof. If mi,j = 0, then there is nothing to prove. Otherwise j → i and we need
to prove that
multBj−1 Z
j−1
i ≤ degZi.
Taking into account that the maps ϕa,b:Ba → Bb are surjective, it suffices to prove
the inequality
mult[Bj−1∩ϕ−1i,i−1(t)j−1 ][Zi ∩ ϕ
−1
i,i−1(t)]
j−1 ≤ deg[Zi ∩ ϕ−1i,i−1(t)], (20)
where t ∈ Bi−1 is a point of general position. Taking into account that ϕ−1i,i−1(t)
is the projective space PcodimBi−1−1, we see that the right hand side in (20) means
the usual degree of a hypersurface in the projective space whereas the set [Zi ∩
ϕ−1i,i−1(t)]
j−1 is obtained from this hypersurface by means of a finite sequence of blow
ups ϕs,s−1, s = i + 1, . . . , j − 1, restricted onto ϕ−1i,i−1(t). Taking into consideration
that the multiplicities do not increase when blowing ups are performed, we reduce
the claim to the obvious case of a hypersurface in the projective space. Q.E.D. for
the lemma.
As a result, we obtain the following estimate∑
j≥i+1
a(j)mi,j =
∑
j≥i+1
mi,j 6=0
a(j)mi,j ≤ di
∑
j→i
a(j) ≤ a(i)di.
By what was said above, we may remove from the right hand side all the components
mi,∗, i ≥ 1 and from the left hand side all the components di, i ≥ 1, replacing the
equality sign = by the inequality sign ≤. Q.E.D.
Setting in the inequality (19) a(i) = pi and recalling that for j ≥ S we have
pj ≤ pS, we complete the proof of Lemma 2.1.
Now let us complete the proof of Proposition 2.1.
It is obvious that the inequality (18) remains valid if Y is an effective horizontal
cycle of codimension 2 on V , that is, each component of the cycle Y is a horizontal
subvariety. Besides, the formulae (16), (17) extend by linearity to the set of all
effective horizontal cycles, and the left hand and the right hand sides of the inequality
(18) are linear in mY (·), mY,F (·), respectively.
Now set Y = Zh and take into account that
mY,F (i) ≤ multB1(Zh ◦ F )1
for i ≥ 2. This implies the inequality (14). The second inequality of Proposition 2.1
follows from (14). Q.E.D. for the proposition.
Remark 2.1. The inequality (15) is more compact than (14), however in some
cases it is possible to get a stronger estimate for multB1(Z
h◦F )1 than for multB(Zh◦
F ).
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2.4 Estimating the multiplicities of a linear system:
the non-singular case
Now let us turn to the main problem, that is, estimating the singularities of the
movable linear system Σ. Assume that the fiber space V/P1 satisfies the conditions
(v) and (vs), and at any point o ∈ V satisfies at least one of the conditions (f) or
(fs) formulated below:
(f) for any irreducible subvariety Y ∋ o ∈ F of codimension 2 (with respect to
the fiber F ) the following inequality holds:
multo
deg
Y ≤ 4
deg V
, (21)
(fs) o ∈ F is a double point of the fiber and for any irreducible subvariety Y ⊂ F
of codimension 2 the following estimate holds:
multo
deg
Y ≤ 6
deg V
, (22)
and, besides, for any infinitely near point of the first order x ∈ EF , where ϕo: F˜ → F
is the blow up of the point o ∈ F , EF ⊂ F˜ the exceptional divisor, the inequality
multx Y˜
deg Y
≤ 3
deg V
holds, where Y˜ is the strict transform of the subvariety Y on F˜ .
Remark 2.2. Let us draw the reader’s attention to the fact that in the condition
(f) we do not specify whether the point o ∈ F is singular or smooth. For the varieties
of general position, considered in this paper, all smooth points satisfy the condition
(f) whereas the singular points are of different behavior. This point is discussed
below in §3.
Assume first that B = centre(νE, V ) 6⊂ Sing F . In other words, either the fiber F
is non-singular or B is not a singular point of this fiber. By the regularity condition,
for any irreducible subvariety Y ⊂ F of codimension two (with respect to F ) the
estimate (21) holds for a point o ∈ B of general position. For all the multiplicities
we have µi = 1. The inequality (21) implies immediately the estimate∑
i∈Js∪J+m
pim
h
i ≤ 4n2Σs.
Since mhi ≤ mh1 ≤ 4n2, we get the inequality∑
i∈Jl
pim
h
i ≤ 4n2(Σs + Σ−m). (23)
This is the required estimate of singularities of the horizontal component Zh. Con-
sider the vertical component Zv. By the condition (v) the inequality
mvi ≤ mv1 ≤
2
deg V
dv. (24)
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holds. On the other hand, the generalized K2-condition of depth ε implies the
estimate
dv
deg V
<
2en
νE(F )
+ εn2. (25)
Combining (24) and (25), we obtain the inequality∑
i∈Js∪J+m
pim
v
i < 2n
(
2e
νE(F )
+ εn
)
(Σs + Σ
+
m).
Taking into account that by definition νE(F ) =
k∑
i=1
piµi ≥ Σs+Σ+m, we obtain finally
∑
i∈Js∪J+m
pim
v
i < 4ne+ 2εn
2(Σs + Σ
+
m) (26)
Now the inequalities (6), (23) and (26) lead to the following estimate:
(4n2(Σs + Σ
−
m) + 4ne+ 2εn
2(Σs + Σ
+
m))(Σs + Σm + Σu) >
> ((3Σs + 2Σm + Σu)n + e)
2.
Setting in this inequality ε = 2 and taking into account that Σm = Σ
+
m + Σ
−
m (this
is the crucial point), after some easy arithmetic we get the inequality
(n(Σs − Σu) + e)2 < 0.
A contradiction.
The equality of the thresholds of canonical adjunction
cvirt(Σ) = c(Σ)
is proved for the non-singular case B 6⊂ Sing F .
2.5 Estimating the multiplicities of a linear system:
the singular case
Now consider the case when B = o ∈ F is a singular point of the fiber. If the variety
F satisfies the condition (f) at the point o, then the arguments of the previous section
work well without any modifications. If this is not the case, then deg V = degF ≥ 6
(otherwise deg V ≤ 4 and the condition (f) holds automatically) and thus dimF ≥ 4,
dimV ≥ 5. Therefore the discrepancy of the first exceptional divisor E1 is at least
4 (we blow up a smooth point o ∈ V ). By assumption, the condition (fs) holds,
whence we get the inequality
mhi ≤ mh1 ≤ 3n2,
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so that from the estimate (14) we obtain∑
i∈Jl
pim
h
i ≤ 3n2(p1 + Σs + Σ−m).
On the other hand, as we have mentioned above, a(E1, V ) ≥ 4, so that one can
replace in the inequality (6) the numerator by (p1+3Σs+2Σm+Σu). Now arguing
as in Sec. 2.4 we get the inequality
(n(Σs − Σu) + e)2 + (Σs − 3p1)(Σs + Σm + Σu)n2+
+np1(np1 + 2(3Σs + 2Σm + Σu)n+ 2e) < 0.
Obviously, Σs − 3p1 ≥ −2p1 so that we again get a contradiction.
The proof of the equality of the thresholds of canonical adjunction cvirt(Σ) = c(Σ)
is complete.
Because of the importance of this result for further work let us formulate it as a
separate claim.
Theorem 2. Assume that the fiber space V/P1 satisfies the generalized K2-
condition of depth 2, the conditions (v), (vs) and at least one of the conditions (f)
or (fs) at every point o ∈ V . Then for any movable linear system Σ ⊂ |−nKV + lF |
with l ∈ Z+ its virtual and actual thresholds of canonical adjunction coincide:
cvirt(Σ) = c(Σ).
3 Varieties with a pencil of Fano double covers
In order to apply the technique developed above to the fiber spaces V/P1, the fibers
of which are Fano double hypersurfaces, one needs to describe movable linear systems
on these varieties and check the conditions on multiplicities of horizontal and vertical
cycles for all the families under consideration: 1− 8 and 1∗− 5∗ of Sec. 0.2 and 0.3.
3.1 Movable systems on the varieties of the type ((0),(2,0))
Let V/P1 be a variety from the family ((0),(2,0)). The construction of the variety
V can be alternatively described in the following way.
Let WP ⊂ P be a hypersurface of degree 2l,
σY:Y→ P
the double cover branched over the divisor WP. Consider the variety Y = P1 × Y,
which is realized as the double cover σY : Y → X = P1×P branched over the divisor
W = P1 × WP. Set V = σ−1Y (Q), where Q ⊂ X is a smooth divisor of the type
(2, m). It is easy to see that in this way we obtain the same variety V as in Sec. 0.2.
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By assumption, the divisor Q ⊂ P1 × P is given by the equation
A(x∗)u2 + 2B(x∗)uv + C(x∗)v2 = 0,
where A(·), B(·), C(·) are homogeneous of degree m. Here (u : v) and (x∗) =
(x0: . . . : xM+1) are homogeneous coordinates on P1 and P, respectively.
Furthermore, let HP be the class of a hyperplane in P, LX = p∗XHP the tau-
tological class on X , where pX :X → P is the projection onto the second factor,
LV = σ
∗
Y LX |V . It is easy to see that
KV = −LV ,
so that the anticanonical linear system |−KV | is free and determines the projection
pV = pX ◦ σ:V → P.
Lemma 3.1. The projection pV factors through the double cover σY:Y → P.
More precisely, there is a morphism p:V → Y such that
pV = σY ◦ p.
The degree of the morphism p at a general point is equal to 2.
Proof. Consider a point x ∈ P\WP of general position. Set {y+, y−} = σ−1Y (x) ⊂
Y. Set also
Lx = P
1 × {x} ⊂ X, L±x = P1 × {y±} ⊂ Y.
It is obvious that the inverse image σ−1Y (Lx) is the disjoint union of the lines L
+
x and
L−x , whereas
pY (L
±
x ) = y
±,
where pY : Y → Y is the projection onto the second factor. The divisor Q intersects
Lx at two distinct (for a general point x) points q1, q2. Set
σ−1(qi) = {o+i , o−i } ⊂ V, o±i ∈ L±x .
The morphism p is the restriction pY |V . Obviously,
p−1(y±) = {o±1 , o±2 },
where the sign + or − is the same in the right hand and left hand side. This proves
the lemma.
Let ∆ ⊂ V be a subvariety of codimension 2, given by the system of equations
A = B = C = 0. The subvariety ∆ is swept out by the lines Ly = P1 × {y} which
are contracted by the morphism p. Set ∆Y = p(∆). Obviously,
p:V \∆→ Y \∆Y
is a finite morphism of degree 2. Let τ ∈ Bir V be the corresponding Galois involu-
tion. It is easy to see that τ commutes with the Galois involution α ∈ Aut V of the
double cover σ:V → Q, so that τ and α generate a group of four elements. Since
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the involution τ is biregular outside the invariant closed subset ∆ of codimension 2,
that is, τ ∈ Aut(V \∆), the action of τ on the Picard group Pic V is well defined.
Let Σ ⊂ | − nKV + lF | be a movable linear system.
Lemma 3.2. (i) The involution τ transforms the pencil |F | of fibers of the
morphism π into the pencil |mLV −F |. (ii) If l < 0, then the involution τ transforms
the linear system Σ into the linear system
Σ+ ⊂ |n+LV + l+F |,
where n+ = n + lm ≥ 0, l+ = −l > 0.
Proof. Obviously, τ ∗LV = LV . Let Ft = π−1(t) be a fiber. We get
p−1(p(Ft)) = Ft ∪ τ(Ft).
However, p(Ft) ∼ mHY = mσ∗YHP by the construction of the variety V . Since
p∗HY = LV , we obtain the claim (i). Thus τ ∗F = mLV − F . This directly implies
the second claim of the lemma.
Remark 3.1. Varieties of the type ((0), (2, 0)) are similar by their properties to
the Fano fiber spaces considered in [19].
3.2 Checking the K-condition
Let us prove that the variety V/P1 from any of the families 2− 8 or 1∗ − 5∗ of Sec.
0.2, 0.3 satisfies the K-condition. Fix a movable linear system Σ ⊂ | − nKV + lF |.
We must show that l ∈ Z+. We will use the arguments of the following two types:
(1) assume that there is a divisor E ⊂ V , swept out by a family of irreducible
horizontal curves (Cδ, δ ∈ ∆) such that
(−KV · Cδ) ≤ 0.
Since the linear system Σ is movable we get l ≥ 0, which is what we need.
(2) Assume that there is a horizontal prime divisor E on V satisfying the inequality
(−KV · E · LM−1V ) ≤ 0.
For a general divisor D ∈ Σ the cycle (D ◦ E) is effective and thus
(D ·E · LM−1V ) ≥ 0,
whence, taking into account that (HF · LM−1V ) > 0, we get l ≥ 0.
Now let us consider varieties of the types 2− 8 and 1∗ − 5∗ one after another.
3.2.1 Varieties of the type ((0),(1,1))
Here X = P1 × P, Q ⊂ X is given by the equation Au + Bv = 0 where A,B are
homogeneous polynomials of degree m on P. The pair of equations A = B = 0
defines on Q the divisor ∆ = P1 × ∆P, which is swept out by horizontal lines,
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∆P ⊂ P is the subvariety {A = B = 0} of codimension two. For any line Lx =
σ−1(P1 × {x}), x ∈ ∆P, we get
(−KV · Lx) = (LV · Lx) = 0.
Now the remark (1) shows that the K-condition holds.
3.2.2 Varieties of the type ((1),(0,1))
Here
E = O⊕(M+1)
P1
⊕OP1(1),
and set E ⊂ X to be the divisor of common zeros of all sections s ∈ OP1(1).
Obviously, E = P1 × PM . Let LE = p∗E(HP|PM ) be the tautological class on E,
where pE:E → PM is the projection onto the second factor. We get
−KV |E = LV |E = LE ,
E ∩ Q ∼ mLE , so that E ∩ Q = P1 × QE , where QE ⊂ PM is a hypersurface of
degree m. Therefore, V contains the divisor σ−1(E ∩Q), which is swept out by the
curves Lx = σ
−1(P × {x}), x ∈ QE . The anticanonical class (−KV ) is trivial on
these curves. According to the remark (1), the K-condition holds.
3.2.3 Varieties of type ((2),(1,0))
Here −KV = LV − F ,
E = O⊕(M+1)
P1
⊕OP1(2),
set E ⊂ X to be the divisor of common zeros of sections s ∈ OP1(2). Now
σ−1(E ∩Q) ∈ |LV − 2F |.
It is easy to compute that
(−KV · (LV − 2F ) · LM−1V ) = 2n(1−m) ≤ 0.
According to the remark (2), the K-condition holds.
3.2.4 Varieties of the type ((2),(0,0))
Here −KV = LV and we can apply the remark (1): the divisor σ−1(E ∩Q) ⊂ V (in
the notations of the previous case) is swept out by horizontal curves. The class LV
is trivial on these curves.
3.2.5 Varieties of the type ((3),(0,0))
Here
E = O⊕(M+1)
P1
⊕OP1(3)
and −KV = LV − F . Set E ⊂ X to be the divisor of common zeros of the sections
s ∈ OP1(3). Now the divisor σ−1(E ∩Q) ⊂ V is swept out by horizontal curves, on
which LV is trivial. We apply the remark (1).
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3.2.6 Varieties of the type ((1,2),(0,0))
Here −KV = LV − F and there is a prime divisor E ⊂ V , such that
E ∼ LV − 2F.
It is easy to check that
((LV − 2F ) · (LV − F ) · LM−1V ) = 0.
By the remark (2), the K-condition holds.
3.2.7 Varieties of the type ((1,1,1),(0,0))
Here −KV = LV − F and moreover codimV Bs |LV − F | = 3. Thus for any pseudo-
effective class D ∈ PicV we get the inequality
(D · (LV − F )2 · LM−2V ) ≥ 0.
However, it is easy to compute that ((LV −F )3 ·LM−2V ) = 0. Thus if D = −nKV +lF
is just a pseudo-effective class, then l ∈ Z+. In particular, the K-condition holds.
The remaining five types of double spaces are considered in the same way (with
simplifications).
Q.E.D. for the K-condition for varieties of types 2− 8 and 1∗ − 5∗.
3.3 Proof of birational rigidity
Now in order to prove Theorem 1, we have to check the equality
cvirt(Σ) = c(Σ)
for any movable linear system Σ ⊂ | − nKV + lF | with n ≥ 1 and l ∈ Z+. In its
turn, by Theorem 2 it is sufficient to verify that varieties of the types 1 − 8 and
1∗−5∗ satisfy the generalized K2-condition of depth 2 and that a regular fiber space
V/P1 satisfies the conditions (v), (vs) and (f) or (fs) at every point (the condition
(h) follows directly from any of the two conditions (f) or (fs)). The conditions (v)
and (vs) are checked in [16], the condition (f) for a regular smooth point of a fiber
o ∈ F is checked in [9]. It remains to show that at a double point o the fiber F
satisfies at least one of the two conditions (f) or (fs).
If the singular point o ∈ F lies outside the branch divisor of the morphism σ,
then the condition (f) is satisfied. This is easy to check by means of the standard
method of hypertangent divisors. One should take into account that if o ∈ F does
not lie on the branch divisor, then there are l additional hypertangent divisors,
arising from the double cover. It is this fact that makes it possible to obtain the
estimate (21) for any irreducible subvariety Y ⊂ F of codimension 2 (with respect
to the fiber F ). We do not give these arguments here because they are standard
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and, in particular, parallel to another estimate which is proved below for smooth
points (where 4 is replaced by 3).
Therefore let us assume that the singular point o ∈ F lies on the branch divisor.
Let Y ⊂ F be an irreducible subvariety of codimension 2, T = σ−1(TpG ∩ G),
p = σ(o), the tangent divisor. If Y 6⊂ T , then considering the effective cycle (Y ◦ T )
of codimension 3 and applying the standard technique of hypertangent divisors to
this cycle (that is, intersecting it with Di ∈ Λi, i = 4, . . . , m − 1), we obtain the
inequality (21). Thus we may assume that Y ⊂ T . Applying the technique of
hypertangent divisors (with Di ∈ Λi for i = 3, . . . , m− 1) we obtain (22), the first
of the two inequalities of the condition (fs). Let us prove the second one.
Let ϕ: T˜ → T be the blow up of the point o, E = ϕ−1(o) ⊂ T˜ the exceptional
divisor. It is easy to see that the double cover σ presents E as the double cover of
the quadric EG branched over the divisor W˜ ∩ EG, that is, the section of EG by a
quadric hypersurface. The quadric EG is the exceptional divisor of the blow up of
the point p = σ(o) on the variety TpG ∩ G, W˜ denotes the strict transform of the
restriction W |G. By assumption, Y is a prime divisor on T . Therefore, YE = (Y˜ ◦E)
is an effective divisor on the double quadric E, and deg YE = multo Y . Let x ∈ E
be an arbitrary point.
Set q = σ(x) ∈ EG, R = σ−1(TqEG ∩ EG). The divisor R ⊂ E is irreducible,
degR = 4,multxR = 2. If Z ⊂ E is a prime divisor, different from R, then the
cycle (Z ◦R) of codimension 2 on E is well defined, and moreover
degZ = deg(Z ◦R) ≥ multx(Z ◦R) ≥ 2multx Z.
This implies that
multx Y˜ ≤ multx YE ≤ 1
2
deg YE =
1
2
multo Y.
This proves the second inequality of the condition (fs). As for the generalized K2-
condition of depth 2, it follows from the inequality
((K2V − 2HF ) · LM−1V ) ≤ 0,
which is easy to check for varieties of types 1− 8 and 1∗ − 5∗ of Sec. 0.2 and 0.3.
Q.E.D. for Theorem 1.
3.4 Multiplicities of subvarieties of codimension 2
In the remaining part of this section we prove the following claim.
Proposition 3.1. Let o ∈ F be a smooth point of the fiber lying outside the
branch divisor of the morphism σ. Then for any irreducible subvariety Y ⊂ F
of codimension two (and thus for any effective cycle of pure codimension two) the
following estimate is true:
multo
deg
Y ≤ 3
deg V
=
3
2m
. (27)
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Remark 3.2. Proposition 3.1 outlines another approach to proving birational
rigidity of the varieties under consideration, based on Proposition 1.7. If a smooth
point o ∈ F lies on the branch divisor of the morphism σ, then there exists an
irreducible subvariety Y + ⊂ F of codimension 2 for which the estimate of the
condition (f) cannot be improved: the linear system |H − 2o| is movable in this
case and spanned by two divisors, σ∗(TpG ∩G) and σ∗(TpW ∩G), where p = σ(o).
The intersection of these divisors gives a subvariety Y + with this property. It can
be shown, however, that for any other subvariety of codimension two, Y 6= Y + the
inequality (27) holds. As for the subvariety Y +, it satisfies the estimate (27) at
all other points, including the infinitely near points of the first order lying over the
point o. Now using the discrepancy arguments one can prove birational rigidity
using only Proposition 1.7. However, a combination of these ideas with Theorem 2
makes it possible to improve the technique even further. We will use this strategy
in the subsequent papers.
Proof of Proposition 3.1. Arguing in the same way as in [16], §2, we give two
methods of obtaining the estimate (27). The first one is much more simple, however
works only for sufficiently high dimensions M ≥ M0. The second method gives the
estimate (27) for all dimensions, however it requires additional conditions of general
position which one has to substantiate (Sec. 3.5). Whichever method is used, the
first step is the same.
Lemma 3.3. Assume that the inequality
multo
deg
Y >
3
2m
(28)
holds. Then σ(Y ) ⊂ TpG, where p = σ(o).
Proof. Assume the converse: σ(Y ) 6⊂ TpG. Then the intersection Y ∩ T , where
T = σ∗(TpG∩G) is the tangent section of the fiber F at the point o, is of codimension
3 and therefore the effective cycle (Y ◦ T ) is well defined. For some component Y3
of this cycle the inequality
multo
deg
Y3 >
3
m
(29)
holds. Now arguing in the usual way let us consider general divisors of the hyper-
tangent linear systems
Di ∈ Λi, D+j ∈ Λj ,
where
i ∈ {4, . . . , m− 1}, j ∈ {l, . . . , 2l − 2}
for m ≤ 2l and
i ∈ {4, . . . , m− 2}, j ∈ {l, . . . , 2l − 1}
for m ≥ 2l + 1. Taking into account the codimension of the base set of the system
Λi, we see that the set
Y3 ∩ (
⋂
i
Di) ∩ (
⋂
j
D+j )
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is one-dimensional in a neighborhood of the point o. From this we obtain in the
standard way the estimate
multo
deg
Y3 ≤ 4l
m(2l − 1) (30)
for m ≤ 2l and the estimate
multo
deg
Y3 ≤ 2
m− 1 (31)
for m ≥ 2l + 1. In any case the estimates (30) and (31) are incompatible with the
inequality (29). Q.E.D. for the lemma.
Now let us prove Proposition 3.1. If the estimate (27) does not hold, that is, if
the estimate (28) holds, then by what was proved above, σ(Y ) ⊂ TpG, that is,
Y ⊂ T1 = σ−1(G ∩ TpG).
By the regularity conditions, T1 ⊂ F is an irreducible subvariety with the isolated
double point o ∈ T1. Consider the closed set
T12 = σ
−1(σ(T1) ∩ Tpσ(T1)).
By the regularity conditions, T12 ⊂ F is an irreducible subvariety of codimension
two, and moreover multo T12 = 6, so that the equality
multo
deg
T12 =
3
2m
holds, whence by the inequality (28) we get, that Y 6= T12. As above, let
Di ∈ Λi, D+j ∈ Λ+j
be general hypertangent divisors, where
i ∈ I = {2, 4, . . . , m− 1}, j ∈ J = {l, . . . , 2l − 2}
(in I we omit the element i = 3) for m ≤ 2l and
i ∈ I{2, 4, . . . , m− 2}, j ∈ J = {l, . . . , 2l − 1}
(in I we again omit i = 3) for m ≥ 2l + 1. By the regularity conditions the
intersection
Y ∩ (
⋂
i∈I
Di) ∩ (
⋂
j∈J
D+j )
is one-dimensional in a neighborhood of the point o, whence we get the estimates
multo
deg
Y ≤ 8l
3m(2l − 1)
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and
multo
deg
Y ≤ 4
3(m− 1)
for m ≤ 2l and m ≥ 2l + 1, respectively. It is easy to check that these estimates
prove Proposition 3.1 in all cases except for the following ones:
m ∈ {3, 4, 5, 6, 7, 8, }, l ∈ {3, 4}.
Now let us give a more refined way of arguing, which requires strong regularity
conditions but works in all dimensions including low ones. This method is completely
similar to the method by means of which the condition (vs) was proved in [16] for a
double point of the fiber o ∈ F outside the branch divisor. For this reason here we
just describe the main steps of the proof, emphasizing the changes which should be
made in the arguments of the paper [16].
So let us assume that for an irreducible variety Y ⊂ F the inequality (28) holds,
which contradicts the required estimate (27). By Lemma 3.3, Y ⊂ T1. The point o
is an isolated factorial singularity of the variety T1. Moreover, Pic T1 = ZHT , where
HT = HF |T1
is the class of a hyperplane section. Let ϕT : T˜ → T1 be the blow up of the point o,
ET ⊂ T˜ the exceptional divisor (it is irreducible), Y˜ ⊂ T˜ the strict transform of the
divisor Y . We get
Y˜ ∼ αHT − βET ,
where β/α > 3/2 by the estimate (28).
Lemma 3.4. The prime divisor T12 ⊂ T1 is swept out by a family of curves
{Cδ, δ ∈ ∆}, the general curve of which is irreducible and satisfies the estimate
multo
deg
Cδ >
2
3
.
Assume that the lemma is proved and consider the strict transform C˜δ ⊂ T˜ of the
general curve Cδ, δ ∈ ∆. Obviously,
(Y˜ · C˜δ) < 0,
so that Cδ ⊂ Y and thus T12 ⊂ Y . Consequently, Y = T12 which is impossible.
Q.E.D. for Proposition 3.1.
To prove Lemma 3.4, one needs the arguments which are absolutely similar to
the arguments that were used in the proof of Lemma 2.2 in [16], so that we will not
repeat them, just remind the main steps. For m ≥ 4, l ≥ 3 define the sequence of
integers
ce = ♯[4, e] ∩M+ ♯[3, e] ∩ L, e ∈ Z+,
whereM = {2, . . . , m−1}, L = {l, . . . , 2l−1}, and construct the ordering function
χ: {1, . . . , m+ l − 4} → Z+,
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setting χ([ce−1 + 1, ce] ∩ Z+) = e. By the regularity condition, for a general set of
hypertangent divisors
D = {Di ∈ ΛPχ(i), i = 1, . . . , m+ l − 4} ∈ ΛP
the closed algebraic set
Ri(D) =
i⋂
j=1
Di ∩ TP
is of codimension i in T12 for i = 1, . . . , m+ l − 4. Thus we get an effective 1-cycle
R(D) = R(D) = (TP ◦D1 ◦ . . . ◦Dm+l−4) =
∑
δi∈∆
Cδi + Φ,
where (Cδ, δ ∈ ∆) is a movable family of curves, sweeping out T12,Φ is the fixed
part of the family R(D). It is easy to see that Φ is exactly the 1-cycle of lines on F ,
passing through the point o ∈ F , that is, deg Φ = degL(o). Therefore,
multo
deg
Cδ ≥
m!
4
· (2l)!
l!
− λm,l
2m!
3
· (2l − 1)!
(l − 1)! − λm,l
>
2
3
by Proposition 3.2 (which is proved below). In a similar way we argue when m = 3
or l = 2. Proof of Lemma 3.3 is complete.
Let us emphasize that in contrast to the situation considered in [16], here the
hardest point is to estimate the number of lines (taken with multiplicities), passing
through the point o ∈ F . In [16] the double points of the fibers are considered.
There are but finitely many such points so that for a general Fano fiber space V/P1
all the lines passing through a singular point of a fiber are of multiplicity one, and
this task becomes trivial. However, in out case o ∈ F is an arbitrary point of a fiber.
As we will show just now, the multiplicity of a line passing through some specially
chosen point o ∈ F can be very high. But not high enough to prevent the method
of proving Lemma 2.2 in [16] to work in our case. All the other differences between
the proof of Proposition 3.1 of this paper and that of Proposition 2.3 in [16] are
inessential.
3.5 Estimating the number of lines
For a point o ∈ V \ σ−1(W ) outside the branch divisor we define the algebraic cycle
of lines L(o) on V passing through o as the 0-cycle of the subscheme
{q1 = . . . = qm = gl+1 = . . . = g2l = 0}
on E = P(TpP) ∼= PM .
34
Proposition 3.2. For a general (in the sense of Zariski topology) fiber space
V/P1 for any smooth point o ∈ V \ σ−1(W ) the following estimate holds:
degL(o) ≤ λm,l = m!
6
(2l − 1)!
(l − 1)! − 1
Proof. We will describe the scheme of arguments and give with all details the
main technical lemma which makes it possible to estimate the multiplicities of lines
passing through an arbitrary point o ∈ V . The very computations, which are, on
one hand, elementary, and on the other hand, tedious, will not be given.
Set
H =
m∏
i=1
P(H0(Pm,OPM (i)))×
2l∏
j=l+1
P(H0(PM ,OPM (j))).
To simplify the notations, we write down a set of non-zero polynomials (q♯, g♯) ∈ H
as
h♯ = (h1, . . . , hM+1) ∈ H,
where interchanging the direct factors we assume that deg hi+1 ≥ deg hi. Let
H+ ⊂ H
be the space of all collections h♯ such that the scheme of common zeros of the
polynomials hi is zero-dimensional or empty. For h♯ ∈ H+ let L(h♯) be the 0-cycle
of common zeros of the system h♯. Now we have the following fact.
Proposition 3.3. The codimension of the closed set
H+(j) = {h♯ ∈ H+| degL(h♯) ≥ j}
for j = λm,l + 1 is not less than M + 2.
Proposition 3.2 follows from this fact automatically. Now we explain how to
prove Proposition 3.3. In fact, for j = λm,l + 1 a much sharper bound for the
codimension codimH+(j) can be obtained in this way than M + 2 but we do not
need that.
First of all, note an obvious fact: for j = 0, 1, . . . ,M + 2 the following estimate
holds:
codim{h♯ ∈ H+| ♯ SuppL(h♯) ≥ j} = j.
This implies, that we can assume that the support of the cycle L(h♯) consists of
j ≤ M + 1 distinct points (that is, at most M + 1 distinct lines pass through any
point o ∈ V in the fiber F ∋ o). However, as the dimensionM grow, the multiplicity
of these points can be very high. Let us consider the following
Example. Let p ∈ S = {h1 = . . . = hM−a = 0} be a non-singular point, so that
S ∋ p is a germ of a smooth a-dimensional variety. When we require that
multp{hj|S = 0} ≥ 2, (32)
35
j =M − a+ 1, . . . ,M + 1, we impose precisely a+ 1 conditions on hj . Taking into
account that the point p is arbitrary, we obtain
a(a + 1) ∼ a2
conditions on the polynomials hj , M − a+1 ≤ j ≤ M +1, and these conditions are
independent. Thus for a ∼ √M there are points on V which satisfy the condition
(32). For those points we get
degL(o) ≥ 2a ∼ 2
√
M .
This example is a model one showing how the function
max
o∈V
degL(o)
grows for a general variety V/P1 as M → ∞. Note, however, that for small values
of M we obtain the same estimate as for the number of distinct lines
max
o∈V
♯ SuppL(o).
Now let us consider the problem of estimating the codimension of the closed set
H+(j). By what was said above, we may make the set H+ smaller and assume that
♯ SuppL(h♯) ≤M + 1
for any h♯ ∈ H+. For each i = 1, . . . ,M set
Yi = {h1 = . . . = hi = 0} = i◦
j=1
{hj = 0}
to be the algebraic cycle of the scheme-theoretic intersection of the hypersurfaces
{hj = 0}, codimE Yi = i. Set also
YM+1 = {h1 = . . . = hM−1 = hM+1 = 0}.
Fix the points o1, . . . , ok ∈ E, k ≤M + 1 and for each integer-valued matrix
M = ‖µij‖
1≤i≤k,
1≤j≤M+1
∈ Matk×(M+1)(Z+)
consider the set
H(M) = {h♯|multoi Yj = µij} ⊂ H+.
(Naturally, it is sufficient to consider only those matrices which satisfy the non-
decreasing condition
µi,1 ≤ µi,2 ≤ . . . ≤ µi,M−1 ≤ min(µi,M , µi,M+1),
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otherwise either H(M) is empty or the point oi can be removed.) Obviously,
degL(h♯) ≤
k∑
i=1
min(µi,M , µi,M+1).
Now to prove Proposition 3.3 we must estimate the codimension
codimHH(M)
for all matrices M, satisfying the inequality
k∑
i=1
min(µi,M , µi,M+1) ≥ λm,l + 1.
Below in Sec. 3.6 we give an inductive method of estimating the codimension
codimH(M) at each step of our procedure of making Yi+1 from Yi. Now the proof
of Proposition 3.3 is completed by tedious but absolutely elementary computations
based on Lemma 3.5, which is proved below. We do not give these computations
here.
Q.E.D. for Propositions 3.3 and 3.2.
3.6 A method of estimating the degree
Let Y ⊂ A = CN be an effective cycle of dimension a ≥ 1, o1, . . . , ok ∈ Y a set of
pair-wise distinct points. Set
µi = multoi Y,
i = 1, . . . , k. Let Pe(z1, . . . , zN) be the space of all (non-homogeneous) polynomials
of degree not higher than e ∈ Z+, in the variables z1, . . . , zN . Let c1, . . . , ck ∈ Z+ be
a set of positive integers such that
c1 + . . .+ ck−1 + (k − 1) ≤ e, (k − 1)a ≤ N
(if k = 1, then no restrictions are imposed). Set
a1 = . . . = ak−1 = a, ak = min(a,N − (k − 1)a),
c∗i = ci for i = 1, . . . , k − 1,
c∗k = min(ck, e− c1 − . . .− ck−1 − (k − 1)).
Let
UY = {f ∈ Pe(z∗)| dim{f = 0} ∩ SuppY = a− 1}
be an (open) set of polynomials that do not vanish identically on each component
of the cycle Y . Set
Uc∗ = U(c1, . . . , ck) = {f ∈ UY |multoi{f |Y = 0} ≥ ciµi + 1}.
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Obviously, the subset Uc∗ ⊂ UY is a Zariski closed set.
Lemma 3.5. The following estimate holds:
codimUc∗ ≥ ∆(c1, . . . , ck) =
k∑
i=1
(
ai + c
∗
i
c∗i
)
. (33)
Proof. Let U c∗ ⊂ Pe(z∗) be the closure of the set Uc∗ . In order to prove the
inequality (33), it is sufficient to produce a closed subset Z ⊂ Pe(z∗), satisfying the
inequality
dimZ = ∆(c1, . . . , ck), (34)
and such that
Z ∩ U c∗ = {0}.
Obviously, 0 ∈ U c∗ , since U c∗ is a cone with the vertex at zero. We first explain how
such a set can be constructed in the case when there is only one point o = o1, k = 1,
which we without loss of generality can assume to be the origin o = (0, . . . , 0) ∈ A.
To simplify our notations, we write
c1 = c
∗
1 = c ≤ e, a1 = a ≤ N, µ1 = µ.
Let ϕ: A˜ → A be the blow up of the point o, E = ϕ−1(o) ⊂ A˜ the exceptional
divisor E ∼= PN−1. Consider an effective divisor D ⊂ A, o ∈ D, which contains no
component of the cycle Y , so that
dim(SuppY ∩ SuppD) = a− 1
and the effective cycle
YD = (Y ◦D)
of dimension a − 1 is well defined. Recall how the multiplicity of this cycle at the
point o is computed. Let Y˜ , D˜ ⊂ A˜ be the strict transforms of the cycle Y and
divisor D, respectively. Set
YE = (Y˜ ◦ E) =
∑
i∈I
biBi
to be the projectivized tangent cone to Y at the point o ∈ SuppY . We get
(D˜ ◦ Y˜ ) = (D˜ ◦ Y ) +
∑
i∈I
diBi
for some nonnegative di ∈ Z+. Now
multo YD = µmultoD +
∑
i∈I
di degBi.
(It is a standard fact of the intersection theory, see [21].) It follows that if Bi 6⊂ D˜
for all i ∈ I, then di = 0 and thus the following equality holds:
multo YD = µmultoD.
We say that a set of linear functions z1, . . . , za is correct with respect to the pair
(o ∈ Y ), if
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• Bi 6⊂ (˜z1) for all i ∈ I;
• the projection π(z1,...,za):CN → Ca is dominant on each irreducible component
of the cycle Y ;
• the following infinitesimal condition is satisfied at the point o. Taking (z1: . . . : zN )
for homogeneous coordinates on E, consider the affine set {z1 6= 0} with
the coordinates (y2, . . . , yN), where yi = zi/z1. The collection of functions
(y2, . . . , ya) determines a projection ι:CN−1 → Ca−1. Now our condition is
formulated in the following way: the restriction
ι|Bi :Bi ∩ {z1 6= o} → Ca−1
of the projection ι onto each component Bi is a dominant map.
It is easy to see that a general set (z1, . . . , za) of linear functions is correct with
respect to the pair (o ∈ Y ). By the definition of correctness for any non-zero
polynomial f ∈ Pe(zi, . . . , za) in the variables z1, . . . , za we get
Bi 6⊂ (˜f)
and thus by what was said above multo Y(f) ≤ µ deg f . Thus we can set
Z = Pc(z1, . . . , za).
For any non-zero polynomial f ∈ Z the set {f = 0} contains entirely none of the
irreducible components of the cycle Y , so that Z\{0} ⊂ UY . Therefore Z∩U c = {0},
as required.
Now let us consider the general case of an arbitrary k ≥ 2. Here we have k points
o1, . . . , ok ∈ Supp Y . Consider a system of affine functions
l1,1, . . . , l1, a1 ,
. . .
lk,1, . . . , lk, ak ,
a1 = . . . = ak−1 = a, ak = min(a,N − (k − 1)a), satisfying the following conditions:
• the linear parts of the affine functions l∗,∗ are linear independent, that is, form
a part of a basis of the space CN ;
• for any i ∈ {1, . . . , k − 1} we have li,α(oi) = 0 and the system of functions
(li,1, . . . , li,a) is correct with respect to the pair (oi ∈ Y ); lk,α(ok) = 0 and
the system of functions (lk,1, . . . , lk,ak) is a part of a correct set for the pair
(ok ∈ Y );
• for i 6= j we have li,1(oj) 6= 0.
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Now set
Z =
k∑
i=1
(
i−1∏
j=1
l
cj+1
j,1
)
Pc∗i (li,1, . . . , li,ai), (35)
where Pα(♯) denotes the linear space of all polynomial functions of degree α in the
affine functions ♯. Note that the sum in (35) is direct, since the linear parts of the
functions l♯ are linear independent.
Lemma 3.6. The closed algebraic subsets Z and U c∗ intersect each other by
zero only.
Proof. For f ∈ Z we have the decomposition
f = f1 + . . .+ fk, fi ∈ Zi =
(
i−1∏
j=1
l
cj+1
j,1
)
Pc∗i (li,1, . . . , li,ai),
which is uniquely determined since Z =
k⊕
i=1
Zi.
By construction, for each i ∈ {1, . . . , k} we have
multoj{fi|Y = 0} ≥ (cj + 1)µj ≥ cjµj + 1 (36)
for all j ≤ i− 1. In particular, if f ∈ Z ∩ U c∗, then the following estimate holds:
multo1{f1|Y = 0} ≥ c1µ1 + 1,
since for f2, . . . , fk the estimate (36) with j = 1 is satisfied. Arguing as above, we
conclude that f1 ≡ 0. Assume that it is already proved that
f1 ≡ . . . ≡ fγ ≡ 0.
Since for j = γ + 1 the estimate (36) holds for all i ≥ γ + 2, we conclude that
multoγ+1{fγ+1|Y = 0} ≥ cγ+1µγ+1 + 1. (37)
However by construction
fγ+1 =
(
γ∏
j=1
l
cj+1
j,1
)
f ♯γ+1,
where f ♯γ+1 ∈ Pc∗γ+1(lγ+1,1, . . . , lγ+1,aγ+1). Taking into account that for j = 1, . . . , γ
we have lj,1(oγ+1) 6= 0, we see that the estimate (37) remains valid if fγ+1 is replaced
by f ♯γ+1. Now arguing like in the case k = 1 above, we conclude that fγ+1 ≡ 0.
Q.E.D. for Lemma 3.6.
Taking into account that the equality (34) holds (this is obvious from the explicit
construction of the linear space Z (35)), we complete the proof of Lemma 3.5.
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